The fractionalization of quantum numbers in interacting quantum-many body systems is a central motif in condensed matter physics with prominent examples including the fractionalization of the electron in quantum Hall liquids or the emergence of magnetic monopoles in spin-ice materials. Here we discuss the fractionalization of magnetic moments in three-dimensional Kitaev models into Majorana fermions (and a Z2 gauge field) and their emergent collective behavior. We analytically demonstrate that the Majorana fermions form a Weyl superconductor for the Kitaev model on the recently synthesized hyperhoneycomb structure of β-Li2IrO3 when applying a magnetic field. We characterize the topologically protected bulk and surface features of this state, which we dub a Weyl spin liquid, including thermodynamic and transport signatures. PACS numbers: 71.27.+a, 03.65.Vf, 71.20.Be One of the most intriguing phenomena in strongly correlated systems is the fractionalization of quantum numbers, i.e. the low-temperature emergence of novel quantum numbers which are distinct from those of the original constituents of the quantum many-body system. Familiar examples include the spincharge separation in one-dimensional metallic systems [1] , the fractionalization of the electron in certain quantum Hall states [2] , and the emergence of monopoles in spin ice [3] or chiral magnets [4] . In this paper, we discuss the fractionalization of magnetic moments in three-dimensional generalizations of the Kitaev model [5] and the collective behavior of the emergent Majorana fermionic degrees of freedom. The latter form metallic states whose precise character intimately depends on the underlying lattice structure. For the two-dimensional honeycomb Kitaev model it is well known that the Majorana fermions form a semimetal with two gapless Dirac points [5] . Recently, three-dimensional lattice structures have been considered for which the emergent Majorana fermions form metallic states with gapless modes either along a Fermi line [6] or a two-dimensional Fermi surface akin to a conventional metal [7] . The common feature of these lattices is that they preserve the tricoordination of the vertices familiar from the honeycomb lattice. An example of such a three-dimensional lattice structure is the so-called hyperhoneycomb lattice illustrated in Fig. 1 , which has recently been synthesized for the Iridate compound Li 2 IrO 3 [8] . Like other 5d transition metal oxides, Li 2 IrO 3 exhibits an intricate interplay of electronic correlations, crystal field effects, and strong spin-orbit coupling leading to the formation of a Mott insulator where the local moments are spin-orbit entangled j = 1/2 Kramers doublets [9] . It has been argued [10] that the microscopic interactions between these local j = 1/2 moments realize Kitaev-type Hamiltonians with recent experiments indeed confirming such a spatially highly anisotropic exchange [11] [12] [13] ].
The fractionalization of quantum numbers in interacting quantum-many body systems is a central motif in condensed matter physics with prominent examples including the fractionalization of the electron in quantum Hall liquids or the emergence of magnetic monopoles in spin-ice materials. Here we discuss the fractionalization of magnetic moments in three-dimensional Kitaev models into Majorana fermions (and a Z2 gauge field) and their emergent collective behavior. We analytically demonstrate that the Majorana fermions form a Weyl superconductor for the Kitaev model on the recently synthesized hyperhoneycomb structure of β-Li2IrO3 when applying a magnetic field. We characterize the topologically protected bulk and surface features of this state, which we dub a Weyl spin liquid, including thermodynamic and transport signatures. One of the most intriguing phenomena in strongly correlated systems is the fractionalization of quantum numbers, i.e. the low-temperature emergence of novel quantum numbers which are distinct from those of the original constituents of the quantum many-body system. Familiar examples include the spincharge separation in one-dimensional metallic systems [1] , the fractionalization of the electron in certain quantum Hall states [2] , and the emergence of monopoles in spin ice [3] or chiral magnets [4] . In this paper, we discuss the fractionalization of magnetic moments in three-dimensional generalizations of the Kitaev model [5] and the collective behavior of the emergent Majorana fermionic degrees of freedom. The latter form metallic states whose precise character intimately depends on the underlying lattice structure. For the two-dimensional honeycomb Kitaev model it is well known that the Majorana fermions form a semimetal with two gapless Dirac points [5] . Recently, three-dimensional lattice structures have been considered for which the emergent Majorana fermions form metallic states with gapless modes either along a Fermi line [6] or a two-dimensional Fermi surface akin to a conventional metal [7] . The common feature of these lattices is that they preserve the tricoordination of the vertices familiar from the honeycomb lattice. An example of such a three-dimensional lattice structure is the so-called hyperhoneycomb lattice illustrated in Fig. 1 , which has recently been synthesized for the Iridate compound Li 2 IrO 3 [8] . Like other 5d transition metal oxides, Li 2 IrO 3 exhibits an intricate interplay of electronic correlations, crystal field effects, and strong spin-orbit coupling leading to the formation of a Mott insulator where the local moments are spin-orbit entangled j = 1/2 Kramers doublets [9] . It has been argued [10] that the microscopic interactions between these local j = 1/2 moments realize Kitaev-type Hamiltonians with recent experiments indeed confirming such a spatially highly anisotropic exchange [11] [12] [13] .
Here we demonstrate that in the presence of a magnetic field (or any other time-reversal symmetry breaking term), the emergent Majorana fermions in such three-dimensional Kitaev models can form yet another collective state -a Weyl superconductor. The band structure of the latter is characterized by the presence of gapless Weyl points in the bulk and the formation of topologically protected gapless Fermi arcs on the surface [14] . Keeping in mind that this physics in fact plays out in a quantum spin system, we dub this highly unconventional emergent state a Weyl spin liquid. The analytical tractability of the Kitaev model allows us to comprehensively discuss the intriguing facets of this state in the following.
Model.-Specifically, we consider a Kitaev model on the hyperhoneycomb lattice
which favors nearest-neighbor SU(2) spin-1/2s (represented by the Pauli matrices σ i ) to align their x, y or z components depending on the bond directions of the hyperhoneycomb lattice (as color-coded in Fig. 1 ). Remarkably, this highly frustrated spin model can be solved exactly. In close analogy to Kitaev's solution [5] of the two-dimensional honeycomb model, one represents the spins in terms of four Majorana fermions σ hopping in the presence of a static Z 2 gauge field. Diagonalizing this Hamiltonian, one readily obtains the band structure of this model with four distinct bands arising from the four sites of the unit cell of the hyperhoneycomb lattice. As shown in Fig. 2 the system exhibits gapless modes located along a closed loop in the k y = −k x plane of the Brillouin zone [6] . Close inspection [5, 7] of the Hamiltonian further reveals that the gapless modes are stable against various perturbations [15] [16] [17] [18] and protected by time-reversal symmetry. Any timereversal invariant perturbation to the Hamiltonian can only deform the line, but not immediately gap out the gapless modes (see the supplemental material).
We now ask what effects are induced by time-reversal symmetry breaking perturbations such as a magnetic field. In particular, we study a term − j h · σ j where the magnetic field points along the 111 direction. This augmented Kitaev model is no longer exactly solvable per se. However, one can perturbatively derive a low-energy effective model that remains exactly solvable, again similar to the two-dimensional Kitaev model [5] . This effective model is obtained by observing that the static Z 2 gauge field allows to perform perturbation theory in the zero-flux ground state sector as long as the strength of the magnetic field remains smaller than the flux gap. This procedure yields at third-order the Hamiltonian
with a three-spin coupling constantκ ∼ h x h y h z /J 2 K and the triple j, k, and l indicating three nearest-neighbors arranged as illustrated in Fig. 1 . Recasting this Hamiltonian in terms of the Majorana fermions yields a non-interacting model of fermions hopping between nearest and next-nearest neighbors
where the coefficient of the nearest neighbor hopping is given by u jk = 1(−1) for j on the odd (even) sublattice and the coefficient in front of the next-nearest neighbor hopping term u jk can be determined from the underlying three-spin interaction, σ material for details). In the following, we will parametrize the next-nearest neighbor hopping by the ratio κ =κ/J K as to keep the order of the overall energy scaleκ + J K fixed. Before we discuss this effective model two short remarks are in order. First, we note that the magnetic field term induces a second third-order term of the form j,k,l σ x j σ y k σ z l , where j, k, and l are the three nearest neighbors of a common central site. This yields a local four-Majorana fermion interaction in the effective Hamiltonian. Closer inspection of this term shows that it is irrelevant in a renormalization group sense and we, therefore, neglect it in the following (see the supplementary material). Second, we point out that tilting the magnetic field direction away from the 111 axis does not significantly alter the effective Hamiltonian. Such a tilt simply adds spatial anisotropies to the strength of the Kitaev interaction leading to a shift of the position of the WPs. Our results are in fact valid as long as the magnetic field has non-vanishing components along all three spatial directions. Weyl points.-Returning to the effective Hamiltonian (3) we find that a magnetic field immediately gaps out the gapless modes along the Fermi line -except for two singular points. As illustrated in Fig. 3 we observe that the energy dispersion around these points is linear in all momentum directions and takes the form
where the Pauli matrices τ i act within the subspace spanned by the two touching bands (above and below the Fermi energy) and q is the momentum relative to the singular point. As such, these two remaining gapless points are in fact a pair of Weyl points (WP). Such WPs have attracted considerable interest recently as it has been shown that these points describe topologically protected band touchings [14] . For electronic systems, the presence of such band touchings at the Fermi energy leads to a so-called Weyl semimetal -a topologically protected gapless phase. For the Majorana fermion system at hand, the WPs are fixed to exactly zero energy for symmetry reasons. Inversion symmetry assures that the WPs are at momenta Q and −Q and have identical energies E(Q) = E(−Q), while particle-hole symmetry gives E(Q) = −E(−Q).
Each WP can be identified as a quantized source of Berry flux with the 'charge' given by its chirality:
One consequence of this is that the Chern number of the Hamiltonian restricted to a two-dimensional subspace of the Brillouin zone can be non-zero. To illustrate this effect, we calculate these Chern numbers on planes in momentum space as depicted in Fig. 4 where we parametrize the location of these planes by the momentum k z . When passing through a WP the Chern number jumps by an amount related to the charge of the WP. Thus, the WPs are indeed topological objects, explaining their remarkable stability against any kind of local interaction -WPs can only be gapped out in a pairwise fashion when two points of opposite chirality coincide at the same momentum.
Intricately connected with the occurrence of non-trivial Chern numbers in the bulk is the presence of gapless surface states called Fermi arcs [14] , which -analogous to the bulk WPs -are topologically protected. To see the emergence of such surface Fermi arcs in our spin model (2), let us consider the effective Hamiltonian for a slab geometry, where periodic boundary conditions are imposed along the a 2 and a 3 directions, but not along a 1 (see the supplemental material for a detailed description of the lattice). The spectrum is then projected to the associated surface Brillouin zone, which is illustrated in Fig. 5 c) . For the time-reversal symmetric case (κ = 0), the projection of the gapless Fermi line in the bulk is again a line filled with a flat surface band, shown in the left-most picture in Fig. 5 b) . Such flat surface bands in time-reversal symmetric models were first discussed in Refs. [19, 20] . Their occurrence in three-dimensional Kitaev models was recently noted in Ref. [21] . Breaking timereversal symmetry (κ = 0), the surface band develops a dispersion and only a single line connecting the projection of the two WPs remains at exactly zero-energy -these are the Fermi arcs, which are illustrated in Fig. 5 b) for various values of κ. We stress that the WPs and their corresponding Fermi arc(s) are not protected by any symmetry, but rather by the topological nature of the WPs. Perturbing the system without annihilating the WPs can only deform the Fermi arcs, but not destroy them.
Evolution of the Weyl points and Fermi arcs.-Let us now turn to a discussion of the effective Hamiltonian (3) for arbitrary κ > 0. Notably, we find that the spectrum remains gapless for any value of κ, only the position and number of WPs change. The evolution of the WPs is shown in Fig. 5  a) for κ = 0, . . . , ∞. In order to visualize the behavior for increasing κ, negative (positive) chirality WPs are shaded yellow (red) for κ = 0 turning to green for κ → ∞. Strikingly,
5 each WP splits into three -two of the same chirality and one of the opposite chirality such that the chirality is indeed conserved locally. This behavior is also reflected in the evolution of the Fermi arcs. The single Fermi arc for small values of κ splits into three separate fermi arcs precisely at κ = . While the WPs on the high-symmetry line ΓY recombine at κ = ∞, the WPs on the face of the Brillouin zone do not. Instead, the band gap collapses and the WPs merge into nodal lines that appear at κ = ∞. This behavior is exactly the opposite of the one shown in Fig. 3 that occurred when turning on κ. We should note here that this evolution for arbitrary κ does not rigorously describe the physics at arbitrary magnet field strength h, as the perturbative expansion yielding the effective Hamiltonian (3) is, strictly speaking, only valid for small κ 1, i.e. the limit in which no Z 2 flux excitations are created. Thermodynamics.-Let us now reflect on what experimental probes may be used to detect a Weyl spin liquid. One possibility is to measure the different low-temperature contributions to the specific heat coming from the gapless bulk and surface modes. While the bulk contribution of the WPs to the specific heat results in a T 3 -dependence on the temperature, the contribution from the Fermi arcs on the surface varies linearly with T , i.e.
where L is the linear system size. Varying the size and aspect ratios of samples, one can thereby identify these two distinct distributions. Weyl spin liquids can also be probed via nontrivial transport features as they exhibit a thermal Hall effect. When applying a thermal gradient to the system, a net heat current perpendicular to the gradient arises due to the chiral nature of the surface modes. This thermal Hall effect was first discussed in the context of Weyl superconductors [22] , which are closely related to our system. Following the analysis of Ref. [22] , we can readily infer that a temperature bias in thê x +ŷ direction in our system leads to a thermal Hall conductance K (in theŷ −x direction) that is proportional to the distance d of the WPs in momentum space [23] where h is the Planck constant and L z is the length of the sample in the z direction. Discussion.-The hyperhoneycomb lattice is the first representative of an entire family of lattices, the so-called harmonic series of hyperhoneycomb lattices introduced in Ref. [11] , which also reports the synthesis of the first-harmonic member of this family as a third crystalline form of Li 2 IrO 3 . The physics of the Kitaev model is very similar for all members of this harmonic series. In the presence of time-reversal symmetry the low-energy gapless modes of all of these model variants form a Fermi line [21] . As such, we also expect similar behavior when breaking time-reversal symmetry, i.e. all members of this family will exhibit a Weyl spin liquid with all of the aforementioned properties and experimental signatures.
Contemplating more general lattice structures, we point to the intriguing possibility of realizing a Weyl spin liquid in spin models exhibiting a spontaneous breaking of time-reversal symmetry. To this end, one should consider generalizations of the Kitaev model on three-dimensional, tricoordinated lattice structures where the elementary loops have odd length, e.g. loops of length 9 instead of length 10 as in the hyperhoneycomb lattice. The odd length of these loops immediately implies that the effective Majorana model has to break timereversal symmetry -akin to the physics of a generalization of the Kitaev honeycomb model by Yao and Kivelson [24] .
Let us further note that the physics described here is very different from what occurs for the Kitaev model on the socalled hyperoctagon lattice of Ref. 7 (and its higher harmonics), where the gapless modes form a Fermi surface. Breaking time-reversal symmetry for these models does not destroy the Fermi surface, but merely deforms it. In fact, this deformation stabilizes the spin liquid ground state as it removes possible BCS pairing instabilities [25] .
A more comprehensive picture for the emergence of Weyl spin liquids in three-dimensional Kitaev-type models arises if one frames the symmetries of the spin system and its underlying Majorana model in terms of the symmetry classification scheme of free fermion systems [26] . The situation described here -particle-hole symmetry plus broken time-reversal symmetry -corresponds to symmetry class D. In this class, WPs appear generically at zero-energy, if inversion symmetry is not broken. Only the location and number of WPs depend on microscopic details [27] . It should be noted that in the reverse situation of preserving time-reversal symmetry and breaking inversion -corresponding to symmetry class BDI -a Kitaev model cannot harbor a Weyl spin liquid. The latter is due to the fact that particle-hole symmetry entails that WPs at momenta ±Q have opposite chirality [28] , while time-reversal symmetry restricts them to have the same chirality. Thus, WPs of opposite chirality must necessarily coincide and even infinitesimal perturbations can gap them out pairwise [29] . This should be contrasted to electronic systems where one can find WPs in systems that break either time-reversal or inversion symmetry, corresponding to symmetry classes A or AII, respectively -see Refs. [20] and [31] for examples of minimal electronic models realizing these symmetry classes. While disorder effects for topological insulators in all free-fermion symmetry classes are well understood [32] , such a comprehensive picture does not yet exist for topological semimetals. It would be interesting to study whether Weyl spin liquids (in symmetry class D) exhibit different disorder effects than Weyl semimetals in electronic systems (in symmetry classes A or AII).
Finally, taking a step back we note that our motivation to study such three-dimensional generalizations of the Kitaev model arises from a strong-coupling perspective of spin-orbit entangled j = 1/2 Mott insulators found in a number of Iridates in close proximity to a metal-insulator transition. It is quite satisfying to see that these models are capable of capturing the emergence of a Weyl spin liquid -a state, in which the collective physics of the localized, spin-orbit entangled degrees of freedoms of a weak Mott insulator closely mimics the itinerant electronic state of a nearby Weyl semimetal. This Weyl semimetal has been found when studying these materials from the opposite limit of a weak-coupling perspective [14] .
Supplemental Material
In this supplemental material, we provide some of the details of the calculations that are reported in the main text.
The hyperhoneycomb lattice. -Fig. 6 shows the hyperhoneycomb lattice indicating the four-site unit cell and the translation vectors. The sites within a unit cell are placed at positions r 1 = (0, 0, 0), r 2 = (1, 1, 0), r 3 = (1, 2, 1) and r 4 = (2, 3, 1) and the translation vectors are given by a 1 = (−1, 1, −2), a 2 = (−1, 1, 2), and a 3 = (2, 4, 0) as shown in Fig. 6 . The reciprocal lattice vectors are defined by a i · q j = 2πδ ij , which leads to
The hyperhoneycomb lattice is invariant under inversion at the center of the bond connecting site 2 and site 3, as well as the center of the bond connecting site 1 and site 4. Note that both the pure Kitaev interaction and the coupling to the external magnetic field are invariant under inversion symmetry.
Effective Hamiltonian.-The spin degrees of freedom are expressed in terms of four Majorana fermions by σ α j = ib α j c j : The bond operatorsû jk have eigenvalues ±1 and realize a static Z 2 gauge field. They commute with each other as well as with the Hamiltonian. Thus we can replace them by their eigenvalues u jk . The ground state lies in the zero-flux sector, which is obtained from e.g. choosing u jk = 1 if j is in the odd sublattice and k in the even sublattice, i.e. j = 1, 3 and k = 2, 4.
The three-spin interaction obtained by third-order perturbation theory within the zero-flux sector can be written as Effects of time-reversal and inversion symmetry.-Time-reversal symmetry is implemented by
Time-reversal symmetry forbids non-zero hopping amplitudes within the odd (sites 1 and 3 in the unit cell) and the even (sites 2 and 4 in the unit cell) sublattices, and the Hamiltonian can always be rearranged in block matrix form
where the two blocks correspond to the even and odd sublattice, respectively. The Hamiltonian (13) has energy eigenvalues (k) = ±|λ(k)|, where λ(k) are the complex eigenvalues of A(k). Zero-modes are obtained by requiring λ(k) = 0, i.e. Re[λ(k)] = 0 and Im[λ(k)] = 0. The solutions to this set of equations are separate points (in 2D) or lines (in 3D), which are stable (i.e. they can be deformed but not removed) against arbitrary perturbations that leave the form of (13) intact [7] . As an example, one can show that perturbations that break inversion but not time-reversal symmetry do indeed leave the form of (13) unchanged, and therefore can only deform the Fermi line. Inversion symmetry of the effective Hamiltonian is implemented by Γ I h(k)Γ −1 I = h(−k) with the inversion matrix Γ I given by
It can be shown that a combination of particle-hole symmetry and inversion maps the two degenerate Majorana modes of a Weyl point onto each other.
Topology and Fermi arcs.-Here, we want to give a heuristic argument for the existence of the Fermi arcs in a Weyl spin liquid. Let us start by considering the fully periodic three-dimensional system and interpret one of the momentum quantum numbers as a parameter of a corresponding 2D system, e.g. the momentum along q 1 as used in Fig. 4 . The effective two-dimensional system has a well-defined Chern number as long as the Weyl points do not lie within the plane. In fact, the Chern number of planes on opposite sides of a (chirality ±1) Weyl point differ by the charge of the enclosed Weyl point. The latter is most easily seen by first realizing that the Hamiltonian restricted to a two-dimensional sphere around that Weyl point has a Chern number given by the charge of the Weyl point [14] . Such a sphere can be continuously deformed into two planes -although with opposite normal vectors -with the Weyl point in the middle. Reversing the normal vector is equivalent to flipping the sign of the Chern number. Thus we found that the difference in the Chern numbers of the two planes must be identical to the charge of the Weyl point, as a continuous change of the sphere to two planes cannot change the total Chern number. Consequently, we found that by changing the 'momentum parameter', we can drive the effective two-dimensional system between a trivial insulator and a topological (Chern) insulator. Let us now consider a 3D system with only two directions with periodic boundary conditions and one direction with open boundary condition. We again interpret one of the good momentum quantum numbers as a parameter of a corresponding 2D system with one periodic and one open boundary condition -i.e. the two-dimensional system is placed on a cylinder. It is well known that Chern insulators on a cylinder have protected chiral edge modes. As these edge modes connect the valence to the conduction band, there is an odd number of edge modes at zero energy. Thus, as long as the 'momentum parameter' is in the topological regime for the effective two-dimensional model, there is necessarily an odd number (in the simplest case only one) of surface modes at zero energy, while in the trivial regime there is no such mode or, alternatively, an even number of modes. As the Weyl points mark the border between the topological and the trivial regime, we find that the line of gapless surface modes terminates at the Weyl points, thus forming a Fermi arc.
In Weyl semi-metals, there are independent Fermi arcs for the upper and lower surface. In our case the situation is different due to the superconducting nature of the effective Majorana Hamiltonian (3). The Fermi arcs plotted in Fig. 5 contain two Majorana modes, each exponentially localized on one of the surfaces. These Majorana modes combine to a single fermionic mode that is consequently delocalized between the two surfaces. A direct consequence of this feature is the additional factor 1/2 in the thermal Hall conductance (5) . The same feature is also generically found in Weyl superconductors [22] .
Scaling analysis of the interaction terms.-We consider the free action of the effective Majorana fermion model in d dimensions
where k denotes the momentum directions away from the Fermi surface and q those within the Fermi surface. The co-dimension d c = 3 for the Weyl points (for broken time-reversal symmetry) and d c = 2 for the Fermi line (for intact time-reversal symmetry).
Using the scaling ω = αω k = αk (16) and the fact that the degrees of freedom within the Fermi surface do not contribute to the scaling, we find that the Majorana fermion operators scale as
A local four-Majorana fermion interaction has the form
From the scaling of the Majorana operators, we deduce that the interaction strength U scales as [U ] = λ −(dc−1) . Thus, a four Majorana fermion interaction is RG-irrelevant for both for the time-reversal symmetric model with a Fermi line (d c = 2) and for the Weyl spin liquid, which has d c = 3.
